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Abstract 

In this paper, we arrive at the structure for G"^^(= G/G') from a presentation 
for G. We also prove that the frattini subgroup of the abelianization is or 
the quotient of G^ by the derived subgroup. 
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Introduction 

Blackburn, S.R classified all p-groups, G, with derived subgroup of prime 
order in [1]. In this paper, we find the abelianization of such groups. We 
interchangably use G"^ and G/G' . 

Let G be a p-group of order p" where p is an odd prime and n > 1. Since 
G is nilpotent, [G', G] is strictly contained in G' = Zp and thus [G', G] = 1. 
Thus G has nilpotency class 2 ^ G' C Z{G). 
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Basic Lemmas 
Lemma 1 

Proof: The first equality follows from "class 2" and the second from the 
fact \G'\=p. 

Lemma 2 

{xyY = xPyP[y,xY'^^P^^P-'^^ = x^yP. 

Proof: The first equality is infact true for all integers and can be proved 
using induction. The second equality follows because p is an odd prime and 
2 divides (p-1) and from Lemma 1. 

Structure of 

Given G =< Xi,X2, ...,Xk >, any element of a e G can be written as 

(from Lemma 2). Also, we have that {xyY e Z{G) \f x,y e G. 
Thus we have shown that if G —< xi, X2, Xk >, then G^ —< x^, x^, > 
and also that G^ C Z(G). In particular G^ is a finite abclian group and hence 
all relations in G^ are power relations on the generators (from the Structure 
Theorem) which carry over from power relations in G. 



Prom [2] , it follows that 

^G/N) ^ ^{G)/N 

where A^charG and N <^{G) 
Taking N = G' ^ Zp, we have 

^G/G')^^G)/G' 

$(G') = G^G' 

^G/G') = GPG'/G' ^ G'P/GPnG' (from Second Isomorphism Theorem). 
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In particular, when ^{G) = G" ^ Zp, then G/G' is elementary abelian. 
Such groups are known as generalized extraspecial and have been classified 
in [3]. 

Since Gp n G' < G' , Gp n G' ^ G' or is trivial. 
Case (i) 

Writting Gp and G' additively, one has the following presentation for Gp/ G' 



V 



\ P 



J 



PX2 

\pxkj 



where each Xi has order p^^^^ in G < Aj < n 

Note : We re-label the generators in a way that G' =< [xi, Xj] >=< Xi >. (which 
can always be done from a power commutator presentation for G) 

Computing the Smith Normal form for the matrix above, we get the struc- 
ture of ^{G"'^) from which we get the structure of G"^. 



Case (a) 



GPDG'^e^ $(G/G') ^ GP 



Accordingly we get the structure of the abelianization of G. 

Given a presentation for G, one can easily find out if G^ n G' = e from 
the "Commutator Relation" of G. 
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